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We study the effect of coupling between the superconducting current and magnetization in the
superconductor/ferromagnet/superconductor Josephson junction under an applied circularly polar-
ized magnetic field. Manifestation of ferromagnetic resonance in the frequency dependence of the
amplitude of the magnetization and the average critical current density is demonstrated. The IV
characteristics show subharmonic steps that form devil’s staircases, following a continued fraction
algorithm. The origin of the found steps is related to the effect of the magnetization dynamics on the
phase difference in the Josephson junction. The dynamics of our system is described by a generalized
RCSJ model coupled to the Landau-Lifshitz-Gilbert equation. We justify analytically the appear-
ance of the fractional steps in IV characteristics of the superconductor/ferromagnet/superconductor
Josephson junction.
PACS numbers: 74.50.+r, 74.45.+c, 76.50.+g
I. INTRODUCTION
An important challenge, in superconducting spintron-
ics dealing with the Josephson junctions coupled to
magnetic systems, is the achievement of electric con-
trol over the magnetic properties by the Josephson cur-
rent and its counterpart, i.e. the achievement of mag-
netic control over the Josephson current.1–4 In some sys-
tems, spin-orbit coupling plays a major role in the at-
tainment of such control.5 For example, a recent study
showed a full magnetization reversal in a supercon-
ductor/ferromagnet/superconductor (S/F/S) structure,
with spin-orbit coupling, by adding an electric current
pulse.6 Such a reversal may be important for certain ap-
plications.6 Another approach was followed in Refs. 7 and
8, where the authors demonstrated the interaction of a
nanomagnet with a weak superconducting link and the
reversal of single domain magnetic particle magnetiza-
tion by an ac field. The superconducting current of a
Josephson junction (JJ) coupled to an external nano-
magnet driven by a time-dependent magnetic field both
without and in the presence of an external ac drive were
studied in Ref. 9. The authors showed the existence of
Shapiro-type steps in the IV characteristics of the JJ sub-
jected to a voltage bias for a constant or periodically
varying magnetic field and explored the effect of rotation
of the magnetic field and the presence of an external ac
drive on these steps. Furthermore, a uniform precession
mode (spin wave) could be excited by a microwave mag-
netic field, at ferromagnetic resonance (FMR), when all
the elementary spins precess perfectly in phase.10 Finally,
coupling between the Josephson phase and a spin wave
was studied in the series of papers.4,11–16
In Josephson junctions driven by external microwave
radiation the Shapiro steps17 that appear in the IV
characteristics can form the so-called devil’s staircase
(DS) structure as a consequence of the interplay be-
tween Josephson plasma and applied frequencies.18–21
The DS structure is a universal phenomenon and ap-
pears in a wide variety of different systems, including infi-
nite spin chains with long-range interactions,22 frustrated
quasi-two-dimensional spin-dimer systems in magnetic
fields,23 and even in the fractional quantum Hall effect.24
In Ref. 25 the authors considered symmetric dual-sided
adsorption, in which identical species adsorb to oppo-
site surfaces of a thin suspended membrane, such as
graphene. Their calculations predicted a devil’s staircase
of coverage fractions for this widely studied system.25
In Ref. 26 a series of fractional integer size steps was
observed experimentally in the Kondo lattice CeSbSe.
In this system the application of a magnetic field re-
sulted in a cascade of magnetically ordered states – a
possible devil’s staircase. A devil’s staircase was also
observed in soft-x-ray scattering measurements made on
single crystal SrCo6O11, which constitutes a novel spin-
valve system.27 An extension of the investigation of this
problem on the S/F/S Josephson junction might open
horizons in this field.
The problem of coupling between the superconduct-
ing current and magnetization in the S/F/S Josephson
junction attracts much attention today (see Ref. 2 and
the references therein). An intriguing opportunity is re-
lated to the connection between the staircase structure
and current-phase relation.28 Particularly, the manifes-
tation of the staircase structure in the IV characteris-
tics of S/F/S junctions might provide the corresponding
information on current-phase relation and, in this case,
serve as a novel method for its determination. The ap-
2pearance of the DS structure and its connection to the
current-phase relation in experimental situations has not
yet been investigated in detail. It stresses a need for a
theoretical model which would fully describe the dynam-
ics of the S/F/S Josephson junction under external fields,
features of Shapiro-like steps and their DS staircase struc-
tures. In Ref. 13 the Josephson energy in the expression
for the effective field was not considered. Consequently,
the IV characteristics of the S/F/S junction at FMR only
showed current steps at voltages corresponding to even
multiples of the applied frequency. The authors related
these steps to the interaction of Cooper pairs with an
even number of magnons.13
In this paper we investigate the effect of coupling
between the superconducting current and magnetiza-
tion in the superconductor/ferromagnet/superconductor
Josephson junction under an applied circularly polarized
magnetic field. Taking into account the Josephson en-
ergy in the effective field, we demonstrate an appear-
ance of odd and fractional Shapiro steps in IV char-
acteristics, in addition to the even steps that were re-
ported in Ref. 13. We demonstrate the appearance of
devil’s staircase structures and show that voltages corre-
sponding to the subharmonic steps under applied circu-
larly polarized magnetic field follow the continued frac-
tion algorithm.19–21 An analytical consideration of the
linearized model, based on a generalized RCSJ model
and Landau-Lifshitz-Gilbert (LLG) equation, including
the Josephson energy in the effective field, justifies the
appearance of the fractional steps in IV characteristics,
in agreement with our numerical results. We also show
the manifestation of ferromagnetic resonance in the fre-
quency dependence of the amplitude of the magnetization
and the average critical current density. An estimation
of the model parameters shows that there is a possibility
for the experimental observation of this phenomenon.
The plan of the rest of the paper is as follows. In Sec.
II, we describe the model and present an explicit form of
the equations. Ferromagnetic resonance is demonstrated
in Sec. III, where the effect of Gilbert damping is shown
and a comparison with the linearized case is presented.
This is followed by a discussion of the IV characteristics
and observed staircase structures in Sec. IV. In Sec. V
we discuss the additional effect of an oscillating electric
field on the Shapiro steps. Demonstration of different
possibilities of the frequency locking and discussion of the
experimental realization of the found effects is presented
in Sec. VI. Finally, we conclude in Sec. VII and specify
our calculations for linearized case.29
II. MODEL AND METHODS
The geometry of the S/F/S Josephson junction under
an applied circularly polarized magnetic field is shown
in Fig. 1. There is a uniform magnetic field of magni-
tude H0 applied in the z-direction. Additionally, a circu-
larly polarized magnetic field, of amplitude Hac and fre-
quency ω, is applied in xy-plane. The total applied field
is thusH(t) = (Hac cos(ωt), Hac sin(ωt), H0). A bias cur-
rent I flows in the x-direction. The microwave sustains
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FIG. 1. (Color online) Geometry of the S/F/S Josephson
junction with cross-sectional area LyLz in uniform magnetic
field H0 and circularly polarized magnetic field Hac.
the precessional motion of the magnetization in the pres-
ence of Gilbert damping. The magnetic fluxes in the z-
and y-directions are given by Φz(t) = 4πdLyMz(t)/Φ0,
Φy(t) = 4πdLzMy(t)/Φ0, where Mz and My are compo-
nents of magnetization and d is the thickness of ferromag-
net. Using the equation ∇θ(y, z, t) = − 2pidΦ0 B(t)×n, n is
the unit vector in x direction and the fact that two super-
conductors are thicker than London’s penetration depth,
we obtain an expression for the gauge-invariant phase dif-
ference, θ(y, z, t) = θ(t)− 8pi
2dMz(t)
Φ0
y+
8pi2dMy(t)
Φ0
z, where
Φ0 = h/(2e) is the magnetic flux quantum. Hence, within
the framework of the modified RCSJ model, which takes
into account the gauge invariance including the magne-
tization of the ferromagnet,13 the electric current reads
I/I0c =
sin
(
piΦz(τ)
Φ0
)
sin
(
piΦy(τ)
Φ0
)
(πΦz(τ)/Φ0)(πΦy(τ)/Φ0)
sin θ(τ)
+
dθ(τ)
dτ
+ βc
d2θ(τ)
dτ2
, (1)
where τ = tωc is the normalized time, ωc = 2πI
0
cR/Φ0 is
the characteristic frequency, R is the junction resistance,
βc = RCωc is the McCumber parameter,
3 and C is the
junction capacitance. In the present paper we will only
consider the overdamped case for which βc = 0.
The applied circularly polarized magnetic field in the
xy-plane causes precession of the magnetizationM in the
ferromagnetic (FM) layer. The dynamics of the magne-
tization is described by the LLG equation10
(1 + α2)
dM
dt
= −γM×He −
γα
|M|
M× (M×He), (2)
where α is the Gilbert damping, γ is the gyromagnetic
ratio, and He is an effective field. Taking into account
that the phase difference depends on the magnetization
components, we write the total energy of our system as
3E = Es + EM + Eac, where
Es = −
Φ0
2π
(
θ(t)−
8π2d
Φ0
(Mz(t)y −My(t)z)
)
I + (3)
EJ
[
1− cos
(
θ(t)−
8π2d
Φ0
(Mz(t)y −My(t)z)
)]
,
EM = −vH0Mz(t),
Eac = −vMx(t)Hac cos(ωt)− vMy(t)Hac sin(ωt).
Here H0 = ω0/γ, ω0 is the ferromagnetic resonance fre-
quency, and v is the volume. When we switch on H0 and
Hac, the phase difference starts to depend on M , and so
does the Josephson energy. The addition of Es leads to
the dependence of the effective field on the ratio EJ/EM ,
and generalizes the considerations made in Ref. 13. The
effective field is now given by
He = −
1
v
∇ME. (4)
In dimensionless form, we write m = M/M0, M0 = |M|,
he = He/H0, hac = Hac/H0, Ω = ω/ωc, and Ω0 =
ω0/ωc, After integrating the total effective field over the
junction area, it has the following form
he = (hac cosΩτ) eˆx + (hac sinΩτ + ΓyzǫJ cos θ) eˆy
+(1 + ΓzyǫJ cos θ) eˆz, (5)
where ǫJ = EJ/ (vM0H0) and
Γyz =
sin (φsymz)
my(φsymz)
[
cos(φszmy)−
sin(φszmy)
(φszmy)
]
,
(6)
Γzy =
sin (φszmy)
mz(φszmy)
[
cos(φsymz)−
sin(φsymz)
(φsymz)
]
,
with φsy=4π
2LydM0/Φ0, and φsz=4π
2LzdM0/Φ0. If we
set Γyz = Γzy = 0, our system reduces to that of Ref. 13.
We note that the first term for Es in Eq. (3), does not
contribute to the effective field after integration over the
junction area and taking the derivative with respect to
the magnetization. The LLG equation in the dimension-
less form reads
dm
dτ
= −
Ω0
(1 + α2)
(
m× he + α [m× (m × he)]
)
. (7)
The magnetization and phase dynamics of the consid-
ered S/F/S Josephson junction is determined by Eqs. (1)
and (7). To solve this system and calculate the IV charac-
teristics, we assume a constant bias current and calculate
the voltage from the Josephson relation V (τ) = dθ/dτ .
We employ a 4th-order Runge-Kutta integration scheme
which conserves the magnetization magnitude in time.
The dc bias current I is normalized to the critical cur-
rent I0c , and the voltage V (t) to ~ωc/(2e). As a result,
we find the temporal dependence of the voltage in the
JJ at a fixed value of bias current I. Then, the cur-
rent value is increased or decreased by a small amount,
δI (the bias current step), to calculate the voltage at
the next point of the IV characteristics. We use the
final phase and voltage achieved at the previous point
of the IV characteristics as the initial condition for the
next current point. The average of the voltage V (τ) is
given by V = 1Tf−Ti
∫ Tf
Ti
V (τ)dτ , where Ti and Tf de-
termine the interval for the temporal averaging. Fur-
ther details of the simulation procedure are described
in Ref. 31. The initial conditions for the magnetization
components are assumed to be mx = 0, my = 0.01 and
mz =
√
1−m2x −m
2
y, while for the voltage and phase
we take zeros. The numerical parameters (if not men-
tioned) are α = 0.1, hac = 1, φsy = φsz = 4, ǫJ = 0.2
and Ω = Ω0 = 0.5.
III. FERROMAGNETIC RESONANCE
First we show that the system displays ferromagnetic
resonance. Its manifestation, in the frequency depen-
dence of the amplitude of the magnetization component
my and the average critical current density, is presented
in Fig. 2, where we see that the maximum in both cases
occurs at the resonance frequency Ω = Ω0 = 0.5. Fur-
thermore, the oscillation amplitude is not symmetric rel-
ative to Ω0, which reflects the influence of Hs in the ef-
fective field. The behavior of the amplitude of the mag-
netization component mx is qualitatively the same.
In Fig. 2 (b) we show the frequency dependence of the
maximum of magnetization component my at different
damping α and amplitude of circularly polarized mag-
netic field hac. We see that the resonance line width
changes with changing hac (curves with label 1 and 2)
and α (curves with label 2 and 3). For comparison, we
also demonstrate the manifestation of the ferromagnetic
resonance in the linearized case.2,29 In the linearized case,
the RSJ equation reduced to
I/Ic =
sin (φsmy)
(φsmy)
sin θ(t) +
dθ(t)
dt
, (8)
where Ic = I
0
c sin(φsy)/(φsy), φsy = 4π
2LydMz/Φ0 and
the expression for y-component of magnetization has a
form
my =
−2αΩ
2
Ω2
0
cos(Ωt) +
(
1− η1
Ω2
Ω2
0
)
sin(Ωt)(
1− η2
Ω2
Ω2
0
)2
+∆J
(
1− η1
Ω2
Ω2
0
)
+ 4α2 Ω
2
Ω2
0
, (9)
where ∆J = ǫJφ
2
sz cos θ(t)/3, η1 = 1−α
2 and η2 = 1+α
2.
Results of calculations based of these formulas are pre-
sented in Fig. 2(c). We see a qualitative agreement of the
ferromagnetic resonance features in both cases.
4FIG. 2. (Color online) (a) Manifestation of the FMR in the
frequency dependence of the maximum of magnetization com-
ponentmy and the average critical current density at bias cur-
rent I = 1.16. Lines added to guide the eye; (b) Frequency
dependence of the maximum of magnetization component my
at different damping α and amplitude of circularly polarized
magnetic field hac. Other parameters are the same as in (a);
(c) Comparison with a linearized case at ǫJ = 0.02.
IV. DS STRUCTURE IN THE IV
CHARACTERISTICS
Let us now discuss the S/F/S junction at FMR, when
the coupling between Josephson and magnetic system is
strongest. In Fig. 3(a) the IV characteristic demonstrates
current steps at V = mΩ0, with m integer, and also some
fractional steps.
In the case of conventional JJs the widths of the first
Shapiro step is larger than the second. In the present
case, we see that the width of the first step is much nar-
rower than that of the second. So, the width of the har-
monics are different for even and odd m: large steps are
at even m and small steps at odd m. In Ref. 13, which
did not consider the Josephson energy in the expression
for the effective field, only the steps with even m were
observed. In our case, taking into account the Josephson
energy in the effective field, we have obtained additional
steps with odd and fractional values of m, as we see in
Fig. 3(a).
The structure of those fractional steps can be clarified
by analysis of their positions on the voltage scale, using
an algorithm based on the generalized continued fraction
formula:19–21
V =

N ± 1
n± 1
m± 1
p±..

Ω, (10)
where N , n, m, p, . . . are positive integers. The
locking of the Josephson frequency to the frequency of
magnetic precession occurs due to the additional terms
(ΓyzǫJ cos θ,ΓzyǫJ cos θ) in the effective field, as given
by Eq. (5). Fig. 3(b) and (c) demonstrate the enlarged
parts of the IV characteristic shown in Fig. 3(a). There
are the fractional current steps between V = 0 and
V = 0.5 which can be described by the continued frac-
tions of second level19 (N − 1) + 1/n and N − 1/n with
N = 1 in both cases (see Fig. 3(b)). In addition, there
is a manifestation of two third-level continued fractions
(N − 1) + 1/(n− 1/m) with N = 1, n = 2 (shown in the
inset) and n = 3. The steps between V = 0.5 and V = 1
follow the continued fractions of second level (N−1)+1/n
and N − 1/n with N = 2 in both cases. In Fig. 3(c) we
see clearly the manifestation of second level continued
fractions N − 1/n with N = 3 and (N − 1) + 1/n with
N = 4 between voltage steps V = 1 and V = 2.
V. EFFECT OF OSCILLATING ELECTRIC
FIELD
The ac field can affect the Josephson junction directly,
and not only via the oscillating magnetization. The effect
of an oscillating electric field from microwave radiation is
usually taken into account by adding the term A sinΩrt
in Eq. (1), where A is the amplitude and Ωr = ωr/ωc -
the frequency of the external electromagnetic radiation.
Figure 4 shows the IV characteristics without the effect
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FIG. 3. (Color online) (a) IV characteristic of S/F/S junction
at ferromagnetic resonance. The case in Ref. 13 is shown by
the dashed line for comparison, shifted by 0.8 to the right
for clarity; (b) and (c) enlarge the parts of IV characteristic
marked by rectangles in (a).
of the oscillating electric field (i.e. for A = 0) and two
curves at amplitudes A = 0.3 and A = 1. In comparison
to A = 0, where the width of the first step at V = 0.5
is smaller relatively to the step at V = 1 (a signature of
the S/F/S IV characteristics), we see that at A = 0.3 the
first step has widened in comparison to the second step
at A = 1. But, even in this case, the IV characteristics
show the unusual behavior of Shapiro step widths for a
conventional Josephson junction, specifying width of odd
and even steps.
FIG. 4. (Color online) IV characteristics of the S/F/S junc-
tion at ferromagnetic resonance without oscillating electric
field (A = 0) and two characteristics at amplitudes A = 0.3
and A = 1. Here Ωr = ωr/ωc, other parameters are the same
as in Fig. 3. For clarity, the curves at A = 0.3 and A = 1
have been shifted to the right, by ∆I = 0.6 and ∆I = 1.2
respectively, relative to the IV characteristic at A = 0.
VI. DISCUSSION
We have also found that one can control the structure
of the devil’s staircase by tuning the frequency of the ac-
magnetic field out of resonance. Of course, the width of
the subharmonic steps is largest at the FMR. The step
structure depends on the junction parameters (Gilbert
damping, cross-section, etc). The main parameter deter-
mining the appearance of the DS structure is the ratio of
the Josephson to magnetic energy. If this ratio is close to
zero, we observe only even steps. In the present work the
appearance of the fractional steps and the formation of
the devil’s staircases in the IV-curve are consequences of
including the Josephson energy in the effective field, i.e.
the term ǫJ in (5). We justify this claim by solving the
linearized LLG equation analytically using well known
mathematical methods.5? ,6 As demonstrated in Fig. 5,
our proposed model shows different possibilities of the
frequency locking leading to even, odd and fractional cur-
rent steps in IV characteristics of S/F/S junction under
an external circularly polarized magnetic field. This fact
6is in an agreement with the results presented in Fig. 3.
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FIG. 5. (Color online) Different possibilities of the frequency
locking excluding (red) and including (blue) the Josephson
energy in the effective magnetic field.
Let us now discuss the possibility of experimentally ob-
serving the effects found in this paper. The main param-
eter which controls the appearance of the current steps
is ǫJ = EJ/ (vM0H0). Using typical junction parame-
ters d = 5nm, Ly = Lz = 75 nm, critical current I
0
c ≈
160µA, saturation magnetization M0 ≈ 4 × 10
5A/m,
H0 ≈ 26mT and gyromagnetic ration γ = 3πMHz/T,
we find the value of φsy(z)=4π
2Ly(z)dM0/Φ0 = 3.6 and
ǫJ = 0.18, which are very close to the values we used
in our simulations and justify the choice of parameters:
φsy,sz = 4, ǫJ = 0.2. With the same junction parame-
ters one can control the appearance of the subharmonic
steps by tuning the strength of the constant magnetic
field H0. Estimations show that, for H0 = 90mT, the
fractional subharmonic steps are disappear at ǫJ = 0.05.
For junctions with Ly = Lz = 50 nm, H0 = 10mT, we
find φsy(z) = 2.4 and ǫJ = 1.05, which are rather good
for the step manifestation. Of course, in general, the
subharmonic steps are sensitive to junction parameters,
Gilbert damping and the frequency of the magnetic field.
VII. CONCLUSION
The S/F/S Josephson junction is of considerable im-
portance for the development of certain spintronic appli-
cations/devices. Motivated by physical considerations,
our paper has presented a major advance in modeling
the S/F/S Josephson junction, by including a previously
neglected physical effect, i.e. of the Josephson energy
on the effective magnetic field. Our calculations predict
that the addition of the Josephson energy should mani-
fest itself (measurably) through the appearance of devil’s
staircase structures in the IV characteristics, thus provid-
ing insight into the precise nature of the current-phase
relation and opportunities for potential applications.
In our paper we have developed a model which fully de-
scribes the dynamics of the S/F/S Josephson junction un-
der an applied circularly polarized magnetic field. Man-
ifestation of ferromagnetic resonance in the frequency
dependence of the amplitude of the magnetization and
the average critical current density was demonstrated.
The IV characteristics showed subharmonic steps which
formed devil’s staircase structures, following the contin-
ued fraction algorithm.19 The origin of the found steps
was related to the effect of the magnetization dynamics
on the phase difference in the Josephson junction. Ana-
lytical considerations of the steps were in agreement with
the numerical results.
An interesting question appears about whether the
manifestation of the staircase structure in the IV char-
acteristics can provide information on the current-phase
relation of the S/F/S Josephson junction and, in some
cases, serve as a novel method for its determination. The
results on the developed model might serve for better un-
derstanding of the coupling between the superconducting
current and magnetization in the S/F/S Josephson junc-
tion. The appearance of the staircase structure in exper-
imental situations and its connection with the current-
phase relation may open horizons in this field. The ob-
served features might also find application in some fields
of superconducting spintronics.
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8SUPPLEMENTAL MATERIAL TO “DEVIL’S STAIRCASES IN THE IV CHARACTERISTICS OF
SUPERCONDUCTOR/FERROMAGNET/SUPERCONDUCTOR JOSEPHSON JUNCTIONS”
VIII. LINEARIZED LANDAU-LIFSHITZ-GILBERT EQUATION
A. Magnetization Dynamics
The Landau-Lifshitz-Gilbert (LLG) equation for the superconductor/ferromagnet/ superconductor (S/F/S) struc-
ture describes the behavior of magnetization in the effective magnetic field He. Being nonlinear, it cannot in general
be solved analytically1. Here we investigate the system of equations describing the SFS Josephson junction under the
application of a circularly polarized magnetic field in xy-plane. We derive a linearized form of the equations by using
the method of complex amplitudes2 and find expressions for the magnetization components. After that, we calculate
the effective field components and obtain an expression for my, which we will subsequently use in the RSJ equation.
In its general form, the Landau-Lifshitz-Gilbert equation reads
dM
dt
= −γM ×He +
α
|M |
(
M ×
dM
dt
)
, (11)
where α is the Gilbert damping and γ is the gyromagnetic ratio. We assume that the effective magnetic field and
magnetization can be written as sums of constant and alternating parts
He = H0 + H˜ , M = M0 + M˜ , (12)
where the components of H0 are (0, 0, H0), with H0 = ω0/γ and ω0 is the ferromagnetic resonance frequency.
The components of H˜ are (H˜x, H˜y, 0). On other hand, the components of M0 are (0, 0,Mz) and those of M˜ are
(M˜x, M˜y, 0). The magnitude of alternating parts are considered smaller than the steady parts, i.e. H˜ << H0,
M˜ << Mz. The linearization of Eq. (11) can be found by inserting Eq. (12) into Eq. (11) and neglecting the products
of the alternating parts. This gives
dM˜
dt
+ γM˜ ×H0 +
α
|M |
(
dM˜
dt
×M0
)
= −γM0 × H˜. (13)
We consider a harmonic time dependence for H˜. In this case, the time dependence of M˜ will be also harmonic. Our
aim is to find harmonic solutions to the linearized LLG equation, i.e. in the form
M˜ = m˜ eiωt, H˜ = h˜ eiωt. (14)
This can be done by inserting Eq. (14) into Eq. (13) to obtain
iωm˜+ γm˜×H0 +
iωα
|M |
m˜×M0 = −γM0 × h˜. (15)
Projecting Eq. (15) onto the axes of Cartesian coordinate system, we get
iωm˜x + (ω0 + iαω)m˜y = γMzh˜y,
−(ω0 + iαω)m˜x + iωm˜y = −γMzh˜x, (16)
where we use |M | ≈Mz, H0 = ω0/γ. The solution to Eq. (16) is
m˜x =
(ω0 + iαω)γMzh˜x + iωγMzh˜y
ω20 − (1 + α
2)ω2 + 2iαωω0
,
m˜y =
−iωγMzh˜x + (ω0 + iαω)γMzh˜y
ω20 − (1 + α
2)ω2 + 2iαωω0
, (17)
m˜x(t) and m˜y(t) can be written in the following forms
m˜x = χ
′
1h˜x + χ
′
2h˜y − i(χ
′′
1 h˜x − χ
′′
2 h˜y),
m˜y = −χ
′
2h˜x + χ
′
1h˜y − i(χ
′′
2 h˜x + χ
′′
1 h˜y), (18)
9where
χ′1 =
1
Γ
γMzωz[ω
2
0 − (1− α
2)ω2],
χ′′1 =
1
Γ
αγMzω[ω
2
0 + (1 + α
2)ω2],
χ′2 =
1
Γ
2αγMzω
2ω0,
χ′′2 =
1
Γ
γMzω[ω
2
0 − (1 + α
2)ω2],
Γ = [ω20 − (1 + α
2)ω2]2 + 4α2ω2ω20 . (19)
Using Eq.(14), the real part for Mx(t) and My(t) can be written as
Re{Mx(t)} =
γMz
ω0


(
1− (1 − α2)ω
2
ω2
0
)
Hx(t) + 2α
ω2
ω2
0
Hy(t)(
1− (1 + α2)ω
2
ω2
0
)2
+ 4α2 ω
2
ω2
0

 , (20)
Re{My(t)} =
γMz
ω0

−2α
ω2
ω2
0
Hx(t) +
(
1− (1− α2)ω
2
ω2
0
)
Hy(t)(
1− (1 + α2)ω
2
ω2
0
)2
+ 4α2 ω
2
ω2
0

 . (21)
B. Expression for Effective Field and Magnetization Component
Next, we find the effective field components Hx(t) and Hy(t) which should have harmonic dependence. The total
energy of the S/F/S Josephson junction in the circularly polarized ac field is given by E = Es + EM + Eac, where
Es = −
Φ0
2π
θ(y, z, t)I + EJ [1− cos(θ(y, z, t))],
EM = −vH0Mz,
Eac = −vMxHac cosωt− vMyHac sinωt, (22)
Here EJ = IcΦ0/2π, Ic is the critical current, Φ0 = h/(2e) is the magnetic flux quantum, θ(y, z, t) is the gauge
invariant phase difference between superconducting electrodes, θ(y, z, t) = θ(t) − 8π2dMzy/Φ0 + 8π
2dMy(t)z/Φ0, d
is the magnetic thickness, and v is the volume. Hac and ω are the amplitude and frequency of the ac magnetic field.
The effective field can be found using He = −∇ME/v. In the dimensionless form we use m = M/Mz (we omit the
time argument for simplicity of notation), he = He/H0, hac = Hac/H0, Ω = ω/ωc, Ω0 = ω0/ωc, and t −→ tωc. Here
ωc = 2πIcR/Φ0 is the characteristic frequency. After integrate over the junction area, the effective field components
in x and y-direction are given in dimensionless form by
hx = hac cos(Ωt), (23)
hy = hac sin(Ωt) +
ǫJ cos θ(t)
my
(
cos (φszmy)−
sin (φszmy)
φszmy
)
, (24)
where φsz = 4π
2LzdMz/Φ0, d is the thickness of ferromagnet, Ly, Lz are the junction lengths in y and z-direction.
Since Mz is constant, we define Ic = I
0
c sin(φsy)/(φsy), ǫJ = γEJ/(vMzΩ0), and φsy = 4π
2LydMz/Φ0. Since we
assume that M˜ << Mz, we use series expansion for cos(φszmy) and sin(φszmy) in the second term of hy (see
Eq. (24)). So, we obtain for first order approximation
1
my
(
cos (φszmy)−
sin (φszmy)
φszmy
)
≈ −
φ2szmy
3
+ .... (25)
The effective field reads
hy = −
ǫJφ
2
szmy
3
cos θ(t) + hac sinΩt. (26)
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This term is considered as a modulated harmonic behavior that depends on the value of (ǫJφ
2
szmy/3) cos θ(t). So, we
can rewrite my, using Eq. (21) and Eq. (26) in the following form
my =
−2αΩ
2
Ω2
0
cos(Ωt) +
(
1− (1− α2)Ω
2
Ω2
0
)
sin(Ωt)(
1− (1 + α2)Ω
2
Ω2
0
)2
+∆J
(
1− (1− α2)Ω
2
Ω2
0
)
+ 4α2 Ω
2
Ω2
0
, (27)
where ∆J = ǫJφ
2
sz cos θ(t)/3. At α = 0 we have:
my =
3Ω20 sin(Ωt)
3(Ω20 − Ω
2) + Ω20ǫJφ
2
sz cos(θ(t))
. (28)
Now, let us describe the result shown by Eq.(33). If He = Hac + H0, the oscillation of my is purely harmonic in
time. While if we take Josephson energy in the effective field, the oscillation of my can be considered as harmonic
with small changes due to Josephson energy. The validity of the above method require a harmonic dependence of the
effective field which can be satisfied in Eq.(26).
C. RSJ Equation
According to RCSJ model, the current through the junction in the dimensionless form is given by3,4
I = I0c sin θ(y, z, t) +
dθ(y, z, t)
dt
+ βc
d2θ(y, z, t)
dt2
, (29)
where I0c is the critical current, βc = RCωc is the McCumber parameter (Here we consider βc = 0). The Modified
RCSJ equation is found by inserting θ(y, z, t) = θ(t) − 8π2dMzy/Φ0 + 8π
2dMy(t)z/Φ0 into Eq.(29) then take the
integration over junction area (
∫ Lz/2
−Lz/2
∫ Ly/2
−Ly/2
...dydz/LzLy). The final RCSJ equation in the dimensionless form is
given by
I/Ic =
sin (φsmy)
(φsmy)
sin θ(t) +
dθ(t)
dt
, (30)
where Ic = I
0
c sin(φsy)/(φsy), φsy = 4π
2LydMz/Φ0, and φs = 4π
2LzdMzhac/Φ0. In the next section, we will use
the expression for my given by Eq.(27) in the supercurrent term in the RSJ equation to find the conditions for the
appearance of current steps.
D. Origin of Current Steps in the IV characteristics
As we stress in the main text, adding the part corresponding to the Josephson energy in the effective field, leads
to the appearance of subharmonic Shapiro-like steps in IV characteristics of our system. Here we demonstrate
the origin of such current steps by analytical considerations. To this end we first analyze the supercurrent term
Is = I
0
c sin(θ(y, z, t)). The gauge invariant phase difference between superconducting electrodes is given by
θ(y, z, t) = θ(t)−
8π2dMz
Φ0
y +
8π2dMy(t)
Φ0
z (31)
where θ(t) = 2eV0t/~+ θ0 = ΩJ t + θ0, ΩJ is the Josephson frequency. The supercurrent term in the linearized case
Is = I
0
c sin(θ(y, z, t)), is given by (see Eq. (30))
Is/Ic =
sin (φsmy)
(φsmy)
sin(ΩJ t+ θ0). (32)
where
my =
1
∆
[
−Υ1 cos(Ωt) + Υ2 sin(Ωt)
D
]
, (33)
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with
Υ1 = 2α
Ω2
Ω20
,
Υ2 =
(
1− (1− α2)
Ω2
Ω20
)
,
D =
(
1− (1 + α2)
Ω2
Ω20
)2
+ 4α2
Ω2
Ω20
,
∆ = 1+
φ2szǫJΥ2
3D
cos θ(t). (34)
We rewrite my in Eq. (33) as
my =
R
∆
sin(Ωt− ζ), (35)
where R = 1D
√
Υ 21 + Υ
2
2 , ζ = arctan(Υ2/Υ1), ∆ = 1 + ξ cos(ΩJ t + θ0) and ξ = φ
2
szΥ2ǫJ/3D. Substituting this
expression to the formula (30), we get
Is =
sin(φsR sin(Ωt− ζ)/∆)
(φsR sin(Ωt− ζ)/∆)
sin(ΩJ t+ θ0). (36)
Using the following series expansions5:
sin(φsR sin(Ωt− ζ)/∆) =
2∆
φsR
∞∑
n=0
J2n+1
(
φsR
∆
)
sin((2n+ 1)(Ωt− ζ)),
csc(Ωt− ζ) = 2
∞∑
m=0
sin((2m+ 1)(Ωt− ζ)), (37)
where J2n+1(φsR/∆) are Bessel functions of the first kind,
J2n+1
(
φsR
∆
)
=
∞∑
p=0
(−1)p
22p+2n+1Γ(p+ 2n+ 2)(2n+ 1)!
(
φsR
∆
)2p+2n+1
. (38)
The expression for the supercurrent then becomes
Is =
2∆sin(ΩJ t+ θ0)
φsR
∞∑
m=0
∞∑
n=0
J2n+1
(
φsR
∆
)
[cos(2(n−m)(Ωt− ζ)) − cos(2(n+m+ 1)(Ωt− ζ))], (39)
So, substituting Eq. (38) into Eq. (39), we have
Is =
2 sin(ΩJ t+ θ0)
φsR
∑ˆ
m,n,p
(
1
1 + ξ cos(ΩJ t+ θ0)
)2p+2n [
cos(2(n−m)(Ωt− ζ))
− cos(2(n+m+ 1)(Ωt− ζ))
]
, (40)
where
∑ˆ
m,n,p
=
∞∑
m=0
∞∑
n=0
∞∑
p=0
(−1)p(φsR)
2p+2n+1
22p+2n+1Γ(p+ 2n+ 2)(2n+ 1)!
. (41)
Using the binomial expansion5
(1 + ξ cos(ΩJ t+ θ0))
−2n−2p =
∞∑
k=0
(2n+ 2p)k
k!
(ξ cos(ΩJ t+ θ0))
k, |ζ cos(ΩJ t+ θ0)| < 1, (42)
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and trigonometric power formulas6
cos2k(ΩJ t+ θ0) =
(2k)!
22k(k!)2
+
1
22k−1
k−1∑
r=0
(2k)!
(2k − r)!r!
cos((2(k − r)(ΩJ t+ θ0))),
cos2k+1(ΩJ t+ θ0) =
1
4k
k∑
r=0
(2k + 1)!
(2k − r + 1)!r!
cos((2k − 2r + 1)(ΩJ t+ θ0)). (43)
we can rewrite Eq. (42) in terms of even and odd powers as
(1 + ξ cos(ΩJ t+ θ0))
−2n−2p =
∞∑
k=0
(2n+ 2p)2k
(2k)!
(ξ cos(ΩJ t+ θ0))
2k
+
∞∑
k=0
(2n+ 2p)2k+1
(2k + 1)!
(ξ cos(ΩJ t+ θ0))
2k+1, (44)
where the Pochhammer symbol (2n+2p)k = Γ(2n+2p+k)/Γ(2n+2p). By inserting Eq.(43) and Eq.(44) in Eq.(40),
we obtain
Is =
2
φsR
∑ˆ
m,n,p
[cos(2(n−m)(Ωt− ζ))− cos(2(n+m+ 1)(Ωt− ζ))]
( ∞∑
k=0
ξ2k(2n+ 2p)2k
(2k)!
[
(2k)!
22k(k!)2
+
1
22k−1
k−1∑
r=0
(2k)!
(2k − r)!r!
cos((2(k − r)(ΩJ t+ θ0)))
]
+
∞∑
k=0
ξ2k+1(2n+ 2p)2k+1
(2k + 1)!
[
1
4k
k∑
r=0
(2k + 1)!
(2k − r + 1)!r!
cos((2k − 2r + 1)(ΩJ t+ θ0))
]
sin(ΩJ t+ θ0)
)
.
(45)
Finally, after using the trigonometry relation sinA cosB = (1/2)[sin(A + B) + sin(A − B)], the supercurrent can be
expressed as
Is =
1
φsR
∑ˆ
m,n,p
[ ∞∑
k=0
ξ2k(2n+ 2p)2k
22k+1(k!)2
 sin[(ΩJ t+ θ0) + 2(n−m)(Ωt − ζ)] + sin[(ΩJ t+ θ0)− 2(n−m)(Ωt − ζ)]
− sin[(ΩJ t + θ0) + 2(n +m+ 1)(Ωt − ζ)]− sin[(ΩJ t+ θ0)− 2(n+m+ 1)(Ωt − ζ)]

+
∞∑
k=0
k−1∑
r=0
ξ2k(2n+ 2p)2k
22k(2k − r)!r!
 sin[(2(k − r) + 1)(ΩJ t+ θ0) + 2(n−m)(Ωt − ζ)]
+ sin[(2(k − r) + 1)(ΩJ t+ θ0)− 2(n−m)(Ωt − ζ)]− sin[(2(k − r) + 1)(ΩJ t+ θ0) + 2(n+m+ 1)(Ωt − ζ))]
− sin[(2(k − r) + 1)(ΩJ t+ θ0)− 2(n+m+ 1)(Ωt − ζ)] + sin[(1− 2(k − r))(ΩJ t + θ0) + 2(n −m)(Ωt − ζ)]
+ sin[(1− 2(k − r))(ΩJ t+ θ0)− 2(n−m)(Ωt − ζ)]− sin[(1− 2(k − r))(ΩJ t+ θ0) + 2(n+m+ 1)(Ωt − ζ)]
− sin[(1− 2(k − r))(ΩJ t+ θ0)− 2(n+m+ 1)(Ωt − ζ)]

+
∞∑
k=0
k∑
r=0
ξ2k+1(2n+ 2p)2k+1
4k2(2k − r + 1)!r!
 sin[2(k − r + 1)(ΩJ t+ θ0) + 2(n−m)(Ωt − ζ)]
+ sin[2(k − r + 1)(ΩJ t+ θ0)− 2(n−m)(Ωt − ζ)]− sin[2(k − r + 1)(ΩJ t+ θ0) + 2(n+m+ 1)(Ωt − ζ)]
− sin[2(k − r + 1)(ΩJ t+ θ0)− 2(n+m + 1)(Ωt − ζ)]− sin[2(k − r)(ΩJ t+ θ0)− 2(n−m)(Ωt − ζ)]
− sin[2(k − r)(ΩJ t+ θ0) + 2(n−m)(Ωt − ζ)] + sin[2(k − r)(ΩJ t+ θ0)− 2(n+m+ 1)(Ωt − ζ)]
+ sin[2(k − r)(ΩJ t+ θ0) + 2(n+m+ 1)(Ωt − ζ)]
]. (46)
A special case occurs if one consider He = H0 + Hac, where H0 = (0, 0, ω0/γ), Hac = (Hac cosωt,Hac sinωt, 0)
represents circularly polarized magnetic field in the xy-plane with amplitude Hac. In this case ∆ = 1 and Eq. (39)
become
Is =
1
φsR
∞∑
m=0
∞∑
n=0
J2n+1 (φsR) [sin[ΩJ t+ θ0 + 2(n−m)(Ωt− ζ)] + sin[ΩJ t+ θ0 − 2(n−m)(Ωt− ζ)]
− sin[ΩJ t+ θ0 + 2(n+m+ 1)(Ωt− ζ)]− sin[ΩJ t+ θ0 − 2(n+m+ 1)(Ωt− ζ)]]. (47)
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In Eq. (47) we see four different possibilities, which lead to the appearance of time independent terms in the current
when
ΩJ = ±2(n−m)Ω =⇒ I
1
s =
1
φsR
∞∑
m=0
∞∑
n=0
J2n+1 (φsR) sin(θ0 ± 2(n−m)ζ),
ΩJ = ±2(n+m+ 1)Ω =⇒ I
2
s =
1
φsR
∞∑
m=0
∞∑
n=0
J2n+1 (φsR) sin(θ0 ± 2(n+m+ 1)ζ), (48)
where ζ = arctan(Υ2/Υ1). Now we apply the above method for the expression of supercurrent in Eq. (46). Time
independent terms appear in the current when
ΩJ = ±2(n−m)Ω =⇒ I
1
s =
1
φsR
Σ1 sin[θ0 ± 2(n−m)ζ],
ΩJ = ±2(n+m+ 1)Ω =⇒ I
2
s =
1
φsR
sin[θ0 ± 2(n+m+ 1)ζ],
ΩJ = ±[2(n−m)/(2(k − r) + 1)]Ω =⇒ I
3
s =
1
φsR
Σ2 sin[(2(k − r) + 1)θ0 ± 2(n−m)ζ],
ΩJ = ±[2(n+m+ 1)/(2(k − r) + 1)]Ω =⇒ I
4
s =
1
φsR
Σ2 sin[(2(k − r) + 1)θ0 ± 2(n+m+ 1)ζ],
ΩJ = ±[2(n−m)/(1− 2(k − r))]Ω =⇒ I
5
s =
1
φsR
Σ2 sin[1− 2(k − r)θ0 ± 2(n−m)ζ],
ΩJ = ±[2(n+m+ 1)/(1− 2(k − r))]Ω =⇒ I
6
s =
1
φsR
Σ2 sin[(1− 2(k − r)θ0 ± 2(n+m+ 1)ζ],
ΩJ = ±[(n−m)/(k − r + 1)]Ω =⇒ I
7
s =
1
φsR
Σ3 sin[2(k − r + 1)θ0 ± 2(n−m)ζ],
ΩJ = ±[(n+m+ 1)/(k − r + 1)]Ω =⇒ I
8
s =
1
φsR
Σ3 sin[2(k − r + 1)θ0 ± 2(n+m+ 1)ζ],
ΩJ = ±[(n−m)/(k − r)]Ω =⇒ I
9
s =
1
φsR
Σ3 sin[2(k − r)θ0 ± 2(n−m)ζ],
ΩJ = ±[(n+m+ 1)/(k − r)]Ω =⇒ I
10
s =
1
φsR
Σ3 sin[2(k − r)θ0 ± 2(n+m+ 1)ζ], (49)
where
Σ1 =
∞∑
m=0
∞∑
n=0
∞∑
p=0
∞∑
k=0
(−1)p(2n+ 2p)2kξ
2k(φsR)
2p+2n+1
22p+2n+1Γ(p+ 2n+ 2)(2n+ 1)!22k+1(k!)2
,
Σ2 =
∞∑
m=0
∞∑
n=0
∞∑
p=0
∞∑
k=0
k−1∑
r=0
(−1)p(2n+ 2p)2kξ
2k(φsR)
2p+2n+1
22p+2n+2k+1Γ(p+ 2n+ 2)(2n+ 1)!(2k − r)!r!
,
Σ3 =
∞∑
m=0
∞∑
n=0
∞∑
p=0
∞∑
k=0
k∑
r=0
(−1)p(2n+ 2p)2k+1ξ
2k+1(φsR)
2p+2n+1
22p+2n+2Γ(p+ 2n+ 2)(2n+ 1)!4k(2k − r + 1)!r!
. (50)
The results from Eq.(49) lead to even, odd and fractional current steps in the IV characteristics, depending on the
integers values of m,n, r and k.
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